We express the partition functions of the dimer model on finite square lattices under five different boundary conditions ͑free, cylindrical, toroidal, Möbius strip, and Klein bottle͒ obtained by others ͑Kasteleyn, Temperley and Fisher, McCoy and Wu, Brankov and Priezzhev, and Lu and Wu͒ in terms of the partition functions with twisted boundary conditions Z ␣,␤ with (␣,␤)ϭ(1/2,0), (0,1/2) and (1/2,1/2). Based on such expressions, we then extend the algorithm of Ivashkevich, Izmailian, and Hu ͓J. Phys. A 35, 5543 ͑2002͔͒ to derive the exact asymptotic expansion of the logarithm of the partition function for all boundary conditions mentioned above. We find that the aspect-ratio dependence of finite-size corrections is sensitive to boundary conditions and the parity of the number of lattice sites along the lattice axis. We have also established several groups of identities relating dimer partition functions for the different boundary conditions.
I. INTRODUCTION
The dimer model was originally introduced to represent physical adsorption of diatomic molecules on crystal surfaces ͓1͔. The surface may be considered as a regular lattice which attracts the diatomic molecules ͑dimers͒ in such a way that each dimer fills two neighboring lattice sites and with crucial constraint that no lattice site is covered by two dimers. The exact calculation of partition functions of the dimer model on the MϫN square lattice under different boundary conditions ͑Figs. 1 and 2͒ has attracted the attention of researchers for more than 40 years. In 1961, Kasteleyn ͓2͔ obtained exact partition functions for the dimer model on the square lattice with both free and toroidal boundary conditions. Fisher ͓3͔, Temperley and Fisher ͓4͔ also solved the case of free boundary case independently. Ferdinand ͓5͔ calculated finite-size corrections up to the first order for the free energy of the dimer model on MϫN square lattices with both free and toroidal boundary conditions for different parities of M and N. In 1973, McCoy and Wu ͓6͔ calculated exact partition functions for cylindrical boundary conditions. In 1985, Bhattacharjee and Nagle ͓7͔ studied the finite-size effect of an anisotropic dimer model of domain walls on the brick lattice. In 1993, Brankov and Priezzhev ͓8͔ obtained the exact partition function for a Mö-bius strip. In 1999 and 2002, Lu and Wu obtained exact partition functions for a Möbius strip and a Klein bottle ͓9,10͔ and calculated finite-size corrections up to the first order for MϫN lattices when both M and N are even. Very recently Wu ͓11͔ obtained exact partition function for the dimer model on the 2M ϫ(2NϪ1) square lattice with cylindrical boundary conditions. The interest in dimer model was renewed with the discovery of high-temperature superconductivity and also with recent work on domino tilings ͑which are equivalent to dimers on a square lattice͒ of an Aztec diamond, demonstrating a strong effect of the boundary on a typical domino configuration ͓12͔.
Finite-size scaling and finite-size corrections in finite critical systems and their boundary effects have attracted much attention in recent decades ͓13-28͔, especially in the Ising ͓17-28͔ and percolation models ͓15,16͔. Many of such studies have been based on Monte Carlo simulations ͓29͔ and a few of them are based on analytic calculations ͓19,21-28͔. Very recently, Ivashkevich, Izmailian, and Hu ͑IIH͒ ͓23͔ proposed a systematic method to compute finite-size corrections to the partition functions and their derivatives of free models on torus, including Ising model, dimer model, and Gaussian model. Their approach is based on relations between the terms of the asymptotic expansion and the socalled Kronecker's double series ͓23͔ which are directly related to elliptic functions. Expressing the final result in terms of functions avoids messy sums ͑as in some earlier works͒ and greatly simplifies the task of verifying the behavior of the different terms in the asymptotic expansion under duality transformation M ↔N. Using this approach, Salas ͓24͔ computed the finite-size corrections to the free energy, internal energy, and specific heat of the critical Ising model on triangular and honeycomb lattices wrapped on a torus and quite recently Izmailian, Oganesyan, and Hu ͓27͔ obtained similar finite-size corrections of the Ising model on a square lattice with Braskamp-Kunz boundary conditions. Using exact partition functions ͓30͔ and finite-size corrections of the critical Ising model on the square, plane triangular, and honeycomb lattices with periodic-aperiodic boundary conditions, Wu, Hu, and Izmailian ͓28͔ obtained universal finite-size scaling functions for the free energy, internal energy, and specific heat of the Ising model with exact nonuniversal metric factors.
In the present paper, we relate the exact partition functions of the dimer model on the square lattice under free, cylindrical, toroidal, Möbius strip, and Klein bottle boundary conditions obtained by Kasteleyn ͓2͔, Temperley and Fisher ͓3, 4͔, McCoy and Wu ͓6͔, Brankov and Priezzhev ͓8͔, to the partition functions with twisted boundary conditions Z ␣,␤ with (␣,␤)ϭ(1/2,0), (0,1/2), and (1/2,1/2) ͑Sec. II͒. Based on such expressions, we derive several groups of identities relating dimer partition functions for the different boundary conditions ͑Sec. III͒. We then extend IIH's algorithm ͓23͔ to derive the exact asymptotic expansions of the logarithm of the partition functions for all boundary conditions and write down the expansion coefficients up to the second order ͑Sec. IV͒. We find that the aspect-ratio dependence of finite-size corrections is sensitive to boundary conditions and the parity of the number of lattice sites along the lattice axis ͑Fig. 3͒. We also discuss our results and problems for further studies ͑Sec. V͒. 
II. DIMER MODEL UNDER VARIOUS BOUNDARY CONDITIONS
where summation is taken over all dimer covering configurations, z v and z h are, respectively, dimer weight in the horizontal and vertical directions, n v and n h are, respectively, the number of vertical and horizontal dimers. In what follows, we will show that the exact asymptotic expansion of the logarithm of the partition function can be written as
with SϭMN, zϭz h /z v , and ϭM/N, which is the aspect ratio and will be denoted by 1 for the Möbius strip and cylindrical boundary conditions, and by 2 for the free boundary conditions. The explicit expression of the partition function depends crucially on whether M s and N s are even or odd, and since the total number of sites must be even if the lattice is to be completely covered by dimers, we will consider three cases:
Dimers on 2Mϫ2N lattices. The partition function of the dimer model on 2M ϫ2N torus has been obtained by Kasteleyn ͓2͔ and can be written as
Here we have introduced the partition function with twisted boundary conditions Z ␣,␤ (z,M ,N),
͑4͒
With the help of the identity ͓31͔ Let us consider the symmetry properties of the partition function Z ␣,␤ (z,M ,N). From Eq. ͑4͒, one can easily verify that
These imply that we need only consider ␣ and ␤ in ͓0,1͔. Other useful identities are
In particular, from the identities of Eqs. ͑7͒ and ͑8͒ one can obtain that
Finally, Eq. ͑9͒ implies that we need only consider z in the interval ͓0,1͔. Thus the partition function for the dimer model on 2M ϫ2N torus is expressed in terms of the only object
In what follows, we will show that the partition function of the dimer model under four different boundary conditions ͑free, cylindrical, Klein bottle, and Möbius strip͒ can be expressed in terms of Z 1/2,1/2 (z,K,L) only, namely,
The partition function of 2M ϫ2N Klein bottle is given by ͓9͔
͑18͒
It is easy to see from Eqs. ͑4͒ and ͑18͒ that
Now using identity given by Eq. ͑11͒, we finally obtain Eq.
͑16͒.
In the case of the free boundary conditions, the exact partition function ͓2͔ is
͑20͒
Let us change variables n and m in the following way: (n →NϪn and m→M Ϫm). Then the partition function given by Eq. ͑20͒ can be transformed to the following form:
͑21͒
Now we first express double products ͟ nϭ0
It it easy to show that f (2NϪn,m)ϭ f (n,2M Ϫm) ϭ f (n,m) and thus
with f (N,M )ϭ4(1ϩz 2 ). With the help of the identity, Eq. ͑5͒ the products ͟ mϭ0 2M f (N,m) and ͟ nϭ0 2N f (n,M ) can be written as
Now using Eqs. ͑21͒-͑25͒, the partition function of dimers with the free boundary conditions finally can be written as Eq. ͑14͒. The partition functions of the dimer model for the cylindrical boundary condition ͓6͔ and the Möbius strip ͓9,8͔ are given by
Following the same way as in the case of the free boundary condition, we can obtain Eq. ͑15͒ for the cylindrical boundary condition and
for the Möbius strip. Using the identity given by Eq. ͑11͒, we finally arrived at Eq. ͑17͒.
Dimers on (2MϪ1)ϫ2N lattices.
In what follows, we will show that the partition function of the dimer model under five different boundary conditions of Fig. 1 can be expressed in terms of Z 1/2,0 (z,K,L) only, namely,
͑31͒
The partition function for torus ͓2͔ has a form EXACT FINITE-SIZE CORRECTIONS OF THE FREE . . . PHYSICAL REVIEW E 67, 066114 ͑2003͒
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The first term on the right-hand side of Eq. ͑32͒ is zero; the second and third terms are equal to each other according to the following relations:
͑33͒
Using Eq. ͑33͒ in Eq. ͑32͒, we obtain Eq. ͑27͒. It is interesting to note that in this case the partition function with the toroidal boundary condition ͓Eq. ͑27͔͒ is very simple and expressed only in terms of Z 1/2,0 (z,2M Ϫ1,2N). The partition function for the Klein bottle boundary condition ͓10͔ has the following form:
ͬ .
͑34͒
Using the same transformations as in the case (M s ,N s ) ϭ͑even, even͒ and the relation
͑35͒
we can obtain Eq. ͑30͒.
The partition functions of the dimer model for the free boundary condition ͓2͔, the cylindrical boundary condition ͓6͔, and the Möbius strip ͓8,9͔ are given by
͑38͒
Following the same procedure as in the case (M s ,N s ) ϭ͑even, even͒, we can obtain Eqs. ͑28͒, ͑29͒, and ͑31͒.
Dimers on 2Mϫ(2NϪ1) lattices. Here we will show that the partition functions can be expressed in terms of
The partition functions of the dimer model for the toroidal boundary condition ͓2͔, the free boundary condition ͓3͔, and the cylindrical boundary condition ͓11͔ are given by
Following along the same lines as in previous cases, we can obtain Eqs. ͑39͒-͑41͒. The partition functions of the dimer model for the Möbius strip and Klein bottle boundary conditions are given by ͓10͔
For M s ϭ4M using the same method as in the case (M s ,N s ) ϭ ͑even, even͒ from Eqs. ͑47͒ and ͑48͒, we obtain the partition functions for the Klein bottle ͓Eq. ͑42͔͒ and Möbius strip ͓Eq. ͑43͔͒ boundary conditions. We cannot find such simplification for the case M s ϭ4M Ϫ2. It is interesting to note that partition functions of the Klein bottle and Möbius strip for the case M s ϭ4M can be written in the common form for both ͑even, even͒ case ͓Eqs. ͑16͒ and ͑17͔͒ and ͑even, odd͒ case ͓Eqs. ͑42͒ and ͑43͔͒,
. ͑50͒
III. SYMMETRY AND IDENTITIES OF THE DIMER MODEL
In the case of the periodic and the free boundary conditions in both horizontal and vertical directions, we expect symmetry under the interchanges z h ↔z v ͑or z↔1/z) and M ↔N. To verify this, we use the identity given by Eq. ͑9͒ and the expressions for the partition functions ͓see Eqs. ͑3͒, ͑14͒, ͑27͒, ͑28͒, ͑39͒, and ͑40͔͒, from which the results
are evident. It is also evident that we cannot expect such symmetry for the Klein bottle, Möbius strip, and cylindrical boundary conditions. Instead the partition functions for such boundary conditions under the interchange z h ↔z v ͑or z↔1/z) transform in the following way:
͑61͒
Equation ͑53͒ implies that the partition function of the dimer model on the 4M ϫ2N lattice with the Klein bottle boundary conditions obeys the unexpected symmetry under the interchanges z h ↔z v and M ↔N, namely,
It is easy to see from Eqs. ͑14͒-͑17͒ that the partition functions of the dimer model on 2M ϫ2N lattice with different boundary conditions obey the following identities:
The relation of Eq. ͑65͒ was first established in the large M and N limit by Brankov and Priezzhev ͓8͔ and then was rigorously established by Lu and Wu ͓9͔. Using Eqs. ͑27͒-͑31͒, one can write the following identities between partition functions of the dimer model on (2M Ϫ1)ϫ2N lattice with different boundary conditions:
͑68͒
The relation given by Eq. ͑67͒ was first established by Lu and Wu ͓9͔. Using Eqs. ͑39͒ and ͑41͒, one can write the following identity between partition functions of the dimer model on 2M ϫ(2NϪ1) lattice with the toroidal and cylindrical boundary conditions:
And finally, using identity given by Eq. ͑13͒ and the expressions for the partition functions Z 2M ,2N
Klein (z), Z 2M Ϫ1,2N cyl (z), and Z 2M Ϫ1,2N Mob (z) ͓see Eqs. ͑16͒, ͑29͒, and ͑31͔͒, we can obtain the following identities:
Klein ͑ z ͒. ͑71͒
IV. ASYMPTOTIC EXPANSION OF THE FREE ENERGY
In Sec. II, we have shown that the partition functions of the dimer model with various boundary conditions can be expressed in terms of the partition function with twisted boundary conditions Z 1/2,0 (z,K,L), Z 0,1/2 (z,K,L), and Z 1/2,1/2 (z,K,L) ͓see Eqs. ͑3͒, ͑14͒-͑17͒, ͑27͒-͑31͒, ͑39͒-͑43͔͒. Based on such results, one can easily write down all the terms of the exact asymptotic expansion of the logarithm of the partition functions for the dimer model using Eq. ͑A1͒. We have found that the exact asymptotic expansion of lnZ M,N (z) can be written as Eq. ͑2͒.
The bulk free energy f bulk is the same for all boundary conditions and given by groups; one group is torus and Klein bottle, and the other is Möbius strip, cylinder, and plane.
V. SUMMARY AND DISCUSSION
In this paper, we have used the method of Ref. ͓23͔ to derive exact finite-size corrections for the logarithm of the partition function ln Z M,N of the dimer model on the 2M ϫ2N, (2M Ϫ1)ϫ2N, and 2M ϫ(2NϪ1) square lattices with different boundary conditions ͑Fig. 1͒. We have found that the exact asymptotic expansion of ln Z (M,N) (z) can be written in the form given by Eq. ͑2͒. We have shown that the coefficients f p (z) for pϭ0,1,2, . . . in this expansion are sensitive to the boundary conditions and the parity of the number of lattice sites, M s and N s , along the axes. We have established several groups of identities relating dimer partition functions for different boundary conditions ͓see Eqs. ͑63͒-͑71͔͒. We have also established that the partition functions of the dimer model on the 4M ϫ2N lattice with the Klein bottle boundary conditions obey the unexpected symmetry under the interchanges z h ↔z v and M ↔N ͓see Eq.
͑62͔͒.
Previous studies ͓5,9͔ only obtained exact finite-size corrections up to the first order for certain boundary conditions or parities of M s and N s . The present paper is the one to calculate finite-size corrections up to the second order for the square lattice dimer model under five different boundary conditions shown in Fig. 1 . Our results are a useful reference for following further studies on the dimer model:
(a) At present, the exact result is usually available only for closed-packed dimers on lattices, in which each lattice site is occupied by one dimer ͓32͔. One can consider a more general dimer model consisting of mixtures of dimers and vacancies ͑monomer͒. There is no exact solution for such a general dimer model. To use numerical methods to study the general dimer model ͑which includes the closed-packed dimer model as a special case͒, one would like to know the convergent behavior of the calculated quantities as the system size increases. Our exact finite-size correction terms are useful for this purpose.
(b) Izmailian and Hu have found universal amplitude ratios for the Ising model on square ͑sq͒, plane triangular ͑pt͒, and honeycomb lattices ͑hc͒ ͓21͔. It is of interest to extend the study of the present paper for the sq lattice dimer model to pt and hc lattices and try to find some universal amplitude ratios for such systems.
The results of this paper show that the method of Ref. ͓23͔ is quite useful for calculating exact finite-size corrections for critical systems. It is of interest to use this method to calculate higher-order terms.
